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a b s t r a c t
This paper studies several well-known families of (t, s)-sequences.
First we determine the exact t-value of Niederreiter sequences.
Then we analyze the exact t-value of generalized Niederreiter
sequences and we show that, for a range of dimensions of practical
interest, Niederreiter–Xing sequences are demonstrably better
than Sobol’ sequences in terms of the exact t-value. Previously,
such a conclusion was not possible since only upper bounds on the
exact t-value of these sequences and a general lower bound for all
(t, s)-sequences were available.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Practical implementations of quasi-Monte Carlo methods rely on low-discrepancy sequences of
points in the s-dimensional unit cube [0, 1]s. Currently, the most commonly used low-discrepancy
sequences are (t, s)-sequences, which we define in the following.
Let b ≥ 2 be an integer and Zb = {0, 1, . . . , b − 1} be the least residue system mod b. For a real
number x ∈ [0, 1], let
x =
∞∑
j=1
hjb−j with all hj ∈ Zb (1)
be a b-adic expansion of x, where the case in which hj = b − 1 for all but finitely many j is allowed.
Using the expansion of x in (1), for an integerm ≥ 1 we define the truncation
[x]b,m =
m∑
j=1
hjb−j.
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Note that this truncation operates on the expansion of x and it may yield different results depending
on which b-adic expansion of x is used. If x = (x(1), . . . , x(s)) ∈ [0, 1]s and x(i), 1 ≤ i ≤ s, are given by
prescribed b-adic expansions, then we define
[x]b,m =
([x(1)]b,m, . . . , [x(s)]b,m) .
Definition 1. Let b ≥ 2, s ≥ 1, and t ≥ 0 be integers. Then a sequence x0, x1, . . . of points in [0, 1]s is
a (t, s)-sequence in base b if for all integers k ≥ 0 andm > t the point setPk,m consisting of the points
[xn]b,m with kbm ≤ n < (k+ 1)bm has the following property: for every subinterval E of [0, 1]s of the
form
E =
s∏
i=1
[
aib−di , (ai + 1)b−di
)
with integers di ≥ 0 and 0 ≤ ai < bdi for 1 ≤ i ≤ s and of volume bt−m, there are exactly bt points of
Pk,m contained in E.
Note that in this definition it is assumed that the coordinates of all points of the sequence are given
by prescribed b-adic expansions of the form (1). It is clear that the smaller the value of t , the better
the equidistribution properties of a (t, s)-sequence in base b. This leads to the following refinement
of Definition 1 that specifies what we informally call the ‘‘exact’’ t-value.
Definition 2. A (t, s)-sequence S in base b is a strict (t, s)-sequence in base b if t is the least value u
such that S is a (u, s)-sequence in base b.
The standard families of (t, s)-sequences are Sobol’ sequences [12], Faure sequences [1],
Niederreiter sequences [4], generalized Niederreiter sequences [13,14], and Niederreiter–Xing
sequences [8,15]. Note that Faure sequences are special cases of Niederreiter sequences and Sobol’
sequences are special cases of generalized Niederreiter sequences. Background information on (t, s)-
sequences can be found in the books [5,10] and in the recent survey articles [6,7].
A comparison of the quality of the low-discrepancy sequences mentioned above can be based on
the t-value, and for this reason t is often called the quality parameter of a (t, s)-sequence in base
b. We focus on those families of (t, s)-sequences where, for a given (usually prime-power) base, the
constructionswork for all dimensions s, namely Sobol’ sequences, Niederreiter sequences, generalized
Niederreiter sequences, and Niederreiter–Xing sequences.
So far, a fundamental impediment for the rigorous comparative analysis of (t, s)-sequences has
been that in most cases the exact t-value was not known and only lower and upper bounds on
this value were available. Thus, what is needed is a determination of the exact value of the quality
parameter. There is a general lower bound on the t-value which shows that, for a fixed base b, the
quality parameter t of a (t, s)-sequence in base b is, as a function of the dimension s, at least of the
order of magnitude s as s→∞ (see [9, Theorem 8]). However, in the overwhelmingmajority of cases
the known lower bound on the exact t-value does not match the known upper bound (compare with
the data in [11]).
The present paper addresses this problem by determining, for the first time, the exact t-value of
standard (t, s)-sequences in a wide variety of nontrivial cases (trivial cases are e.g. those where t = 0
is a known value of the quality parameter). The results confirm what intuition may suggest, namely
that those families of (t, s)-sequences where the known upper bounds on the exact t-value are better
also perform better with respect to the actual exact t-value. In fact, we show that in many cases the
known upper bound on the exact t-value agrees with the exact t-value.
In Section 2 we review the digital method for the construction of (t, s)-sequences. In Section 3
we determine the exact t-value of Niederreiter sequences and in Section 4 we extend the analysis
to generalized Niederreiter sequences by providing conditions under which the known upper bound
on the exact t-value of generalized Niederreiter sequences is the best possible. As an application, we
determine the exact t-value of Sobol’ sequences for a certain range of dimensions (see Remark 4).
This leads to the conclusion that for dimensions 4–20, Niederreiter–Xing sequences are demonstrably
better than Sobol’ sequences with regard to the exact t-value (see Remark 5).
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2. The digital method
The constructions of all (t, s)-sequences discussed in this paper are based on the digital method,
which we recapitulate in this section. This method was introduced in its general form in [3]. We
consider only prime-power bases.
Let q be a prime power and let Fq be the finite field of order q. We set up a map φ∞ from the
sequence space F∞q over Fq to the interval [0, 1] by selecting a bijection η : Fq → Zq and putting
φ∞(f1, f2, . . .) =
∞∑
j=1
η(fj)q−j for (f1, f2, . . .) ∈ F∞q .
For a given dimension s ≥ 1, we choose generatingmatrices C1, . . . , Cs ∈ F∞×∞q over Fqwith infinitely
many rows and columns. For n = 0, 1, . . ., let
n =
∞∑
j=0
hj(n)qj
be the digit expansion of n in base q, where hj(n) ∈ Zq for j ≥ 0 and hj(n) = 0 for all sufficiently large
j. Choose a bijection ψ : Zq → Fq with ψ(0) = 0 and associate with n the sequence
n = (ψ(h0(n)), ψ(h1(n)), . . .) ∈ F∞q ,
viewed as a column vector. Now we define the sequence x0, x1, . . . of points in [0, 1]s by
xn = (φ∞(C1n), . . . , φ∞(Csn)) for n = 0, 1, . . . . (2)
Note that the products Cin are well defined since n contains only finitely many nonzero terms.
The issue of whether (2) is a (t, s)-sequence in base q is completely determined by the generating
matrices C1, . . . , Cs. We follow [10, Section 8.2], but note that the roles of rows and columns have to
be interchanged because of the different presentation of the digital methodwe have chosen; compare
(2) with [10, Eq. (8.12)].
Definition 3. For integers s ≥ 1 and m ≥ 1, let C = {ci,j ∈ Fmq : 1 ≤ i ≤ s, 1 ≤ j ≤ m} be a system
of vectors. Then ρ(C) is defined to be the largest integer d ≥ 0 such that for any nonnegative integers
d1, . . . , ds with
∑s
i=1 di = d the vectors ci,j, 1 ≤ j ≤ di, 1 ≤ i ≤ s, are linearly independent over Fq
(this property is assumed to be vacuously satisfied for d = 0).
Now let C1, . . . , Cs be the generating matrices of the sequence (2). For 1 ≤ i ≤ s and m ≥ 1, let
C (m)i be the left upperm×m submatrix of Ci and let c(m)i,j for 1 ≤ j ≤ m be its row vectors. Put
C(m) = {c(m)i,j ∈ Fmq : 1 ≤ i ≤ s, 1 ≤ j ≤ m}.
Then the following result is shown in [10, Theorem 8.2.10].
Proposition 1. Assume that
τ(C1, . . . , Cs) := sup
m≥1
(m− ρ(C(m))) <∞.
Then the sequence (2) is a strict (t, s)-sequence in base q with t = τ(C1, . . . , Cs).
3. The exact t-value of Niederreiter sequences
We now consider a special construction of the generating matrices, and hence of a sequence
obtained by (2), that was introduced by Niederreiter [4] (see also [5, Section 4.5]).
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For a given dimension s ≥ 1, let p1, . . . , ps ∈ Fq[x] be pairwise relatively prime polynomials over
Fq. Let ei = deg(pi) ≥ 1 for 1 ≤ i ≤ s. For 1 ≤ i ≤ s and integers u ≥ 1 and 0 ≤ k < ei, consider the
Laurent series expansion
xk
pi(x)u
=
∞∑
r=0
a(i)(u, k, r)x−r−1 ∈ Fq((x−1)).
Then define the elements c(i)j,r by
c(i)j,r = a(i)(Q + 1, k, r) ∈ Fq for 1 ≤ i ≤ s, j ≥ 1, r ≥ 0,
where j− 1 = Qei + kwith integers Q = Q (i, j) and k = k(i, j) satisfying 0 ≤ k < ei. The generating
matrices of the Niederreiter sequence are now given by Ci = (c(i)j,r )j≥1,r≥0 for 1 ≤ i ≤ s.
In [4] it was shown that the Niederreiter sequence is a (t, s)-sequence in base qwith t =∑si=1(ei−
1). In the following theorem we prove that this result is already the best possible.
Theorem 1. The Niederreiter sequence based on the pairwise relatively prime nonconstant polynomials
p1, . . . , ps ∈ Fq[x] is a strict (t, s)-sequence in base q, where
t =
s∑
i=1
(ei − 1) =
s∑
i=1
(deg(pi)− 1).
Proof. The result is trivial if
∑s
i=1(ei − 1) = 0, and so we can assume that
∑s
i=1(ei − 1) ≥ 1. Let
C1, . . . , Cs ∈ F∞×∞q be the generating matrices of the Niederreiter sequence and let C (m)1 , . . . , C (m)s ∈
Fm×mq denote the left upperm×m submatrices of C1, . . . , Cs, respectively.
According to Proposition 1, the task is to find an m ≥ ∑si=1(ei − 1) and integers d1, . . . , ds ≥ 0
with
∑s
i=1 di = m−
∑s
i=1(ei−1)+1 such that the first d1 rows of C (m)1 together with the first d2 rows
of C (m)2 and so on till the first ds rows of C
(m)
s are linearly dependent.We consider values of di that are of
the form di = Qiei+1with integers Qi ≥ 0 for i = 1, . . . , s. We have Qi = b(di−1)/eic = (di−1)/ei.
A choice of Q1, . . . ,Qs for which the corresponding set of vectors is linearly dependent is stated at the
end of the proof.
For d1, . . . , ds as above, we consider a rational function over Fq of the form
L(x) =
s∑
i=1
di∑
j=1
f (i)j
xk(i,j)
pi(x)Q (i,j)+1
=
∞∑
r=0
(
s∑
i=1
di∑
j=1
f (i)j c
(i)
j,r
)
x−r−1, (3)
where Q (i, j) = b(j− 1)/eic, k(i, j) = j− 1− Q (i, j)ei, and f (i)j ∈ Fq for 1 ≤ j ≤ di and 1 ≤ i ≤ s. We
put
g(x) =
s∏
i=1
pi(x)Qi+1.
Note that Lg is a polynomial, which we henceforth denote by G, i.e.,
G(x) =
s∑
i=1
 s∏
l=1
l6=i
pl(x)Ql+1
 di∑
j=1
f (i)j x
k(i,j)pi(x)Qi−Q (i,j). (4)
We claim that it suffices to show that there exist f (i)j ∈ Fq for 1 ≤ j ≤ di and 1 ≤ i ≤ s, such that G
is the constant polynomial 1 (this of course implies that not all f (i)j can be zero). In this case we have
L(x) = G(x)
g(x)
= 1
g(x)
=
∞∑
r=w
lrx−r−1, (5)
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for some lr ∈ Fq, where lw 6= 0 andw = −1+deg(g) = −1+∑si=1(Qi+1)ei = −1+∑si=1(di+ei−1).
A comparison with (3) yields
∑s
i=1
∑di
j=1 f
(i)
j c
(i)
j,r = 0 for 0 ≤ r < w = −1+
∑s
i=1(di+ ei− 1). Hence
we can choosem = w = −1+∑si=1(di + ei − 1), i.e.,∑si=1 di = m−∑si=1(ei − 1)+ 1, and obtain
a set of vectors which are linearly dependent. This then implies the result.
We now investigate the rightmost sum in (4). If j = di, then k(i, j) = 0 and Q (i, j) = Qi, hence we
obtain the term f (i)di x
0 = f (i)di , which we abbreviate by f (i). For the sum of the remaining terms we have
di−1∑
j=1
f (i)j x
k(i,j)pi(x)Qi−Q (i,j) = f (i)1 pQii + · · · + f (i)ei xei−1pQii + f (i)ei+1p
Qi−1
i + · · · + f (i)2ei xei−1p
Qi−1
i + · · ·
+ f (i)di−eipi + · · · + f (i)di−1xei−1pi
= pi(x)
Qi−1∑
u=0
qi,u(x)pi(x)u,
where qi,u(x) = f (i)di−(u+1)ei + · · · + f
(i)
di−uei−1x
ei−1 are polynomials with degree at most ei − 1. When
f (i)j ∈ Fq, for 1 ≤ j < di, runs through all possibilities,
∑Qi−1
u=0 qi,u(x)pi(x)u runs through all polynomials
Yi ∈ Fq[x]with degree at most Qiei − 1. Let
Yi(x) =
di−1∑
j=1
f (i)j x
k(i,j)pi(x)Qi−Q (i,j)−1 for 1 ≤ i ≤ s.
Hence by (4) and the arguments above we obtain
G(x) =
s∑
i=1
(f (i) + pi(x)Yi(x))
s∏
l=1
l6=i
pl(x)Ql+1,
where Yi ∈ Fq[x] can be chosen freely with degree at most Qiei − 1.
For 1 ≤ i ≤ swe consider Gmodulo pQi+1i , i.e., we have the congruences
G ≡ (f (i) + piYi)
s∏
l=1
l6=i
pQl+1l (mod p
Qi+1
i ). (6)
In the following we show how choices of Qi, f (i), and Yi can be found such that the right-hand sides
of the above congruences are always 1 mod pQi+1i . With such choices we obtain G ≡ 1(mod g), and
since deg(G) < deg(g), this implies G = 1 as desired.
Since p1, . . . , ps are pairwise relatively prime,
∏s
l=1
l6=i
pQl+1l is relatively prime to p
Qi
i andhence, asYi ∈
Fq[x] runs through all polynomials of degree atmostQiei−1,weobtain that piYi∏sl=1
l6=i
pQl+1l (mod p
Qi+1
i )
runs through all polynomials of degree at most (Qi + 1)ei − 1 which are divisible by pi. Thus for
1 ≤ i ≤ s, Yi gives us enough degrees of freedom in (6) to cancel out multiples of pi, hence we can
reduce (6) to
G ≡ f (i)
s∏
l=1
l6=i
pQl+1l (mod pi).
Hence it remains to show that there are Q1, . . . ,Qs ≥ 0 and f (1), . . . , f (s) ∈ Fq such that
f (i)
s∏
l=1
l6=i
pQl+1l ≡ 1 (mod pi) for 1 ≤ i ≤ s. (7)
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For each i = 1, . . . , s, the group of units of the residue class ring Fq[x]/(pi) is a finite multiplicative
group, say of order Bi. Now put Qi = B− 1 with B = B1 · · · Bs and f (i) = 1 for 1 ≤ i ≤ s. Then for l 6= i
we have
pQl+1l =
(
pBil
)B/Bi ≡ 1B/Bi ≡ 1 (mod pi)
since pl is relatively prime to pi. Hence (7) is satisfied. This completes the proof. 
Let P1, . . . , Ps denote the first s terms of a sequence of all monic irreducible polynomials over Fq
ordered by nondecreasing degrees. With such a choice of P1, . . . , Ps, we put
Tq(s) =
s∑
i=1
(deg(Pi)− 1).
The polynomials P1, . . . , Ps are not uniquely determined, but the number Tq(s) is well defined.
Corollary 1. For any Niederreiter sequence S defined in this section and for any integer t ≥ 0 such that
S is a (t, s)-sequence in base q, we have
t ≥ Tq(s) ≥ bqs logmax(s− q+ 1, 1)
with a constant bq > 0 depending only on q.
Proof. The first inequality follows from Theorem 1 and the definition of Tq(s). The second inequality
is trivial for 1 ≤ s < q2, and so we can assume that s ≥ q2. For integers n ≥ 1, let Iq(n), respectively
Jq(n), be the number of monic irreducible polynomials over Fq of degree n, respectively of degree≤ n.
Let nq(s) be the largest integer n with Jq(n) ≤ s. Since s ≥ q2, we have nq(s) ≥ 2. In the following,
b(1)q , . . . , b
(8)
q denote positive constants depending only on q. From the well-known formula for Iq(n)
(see [2, Theorem 3.25]) we obtain
b(1)q q
n ≤ nIq(n) ≤ b(2)q qn for all n ≥ 1. (8)
Then
Tq(s) ≥ (nq(s)− 1)Iq(nq(s)) ≥ 12nq(s)Iq(nq(s)) ≥ b
(3)
q q
nq(s).
From (8) we get
Jq(n) =
n∑
h=1
Iq(h) ≤ b(4)q
qn
n
for all n ≥ 1, (9)
and so
Tq(s) ≥ b(5)q qnq(s)+1 ≥ b(6)q (nq(s)+ 1)Jq(nq(s)+ 1) > b(6)q (nq(s)+ 1)s
by (9) and the definition of nq(s). Again by (9), qnq(s)+1 ≥ b(7)q Jq(nq(s)+ 1) > b(7)q s, and so nq(s)+ 1 ≥
b(8)q log s, which yields the desired lower bound on Tq(s). 
Remark 1. We have Tq(s) = 0 for 1 ≤ s ≤ q since there are q monic linear polynomials over Fq.
For fixed q and any s > q, Corollary 1 shows that the t-value of Niederreiter (t, s)-sequences in base
q is at least of the order of magnitude s log s. For sufficiently large s, Niederreiter sequences are thus
demonstrably worse than the best Niederreiter–Xing sequences for which the t-value in dimension s
and a fixed base q satisfies t = O(s) according to [8, Theorems 2 and 4] (see also [10, Theorem 8.3.6]).
Note that by a remark in Section 1 (see also [9, Theorem 8]), t = O(s) is the best possible asymptotic
bound on the t-value of any family of (t, s)-sequences in a fixed base as s→∞.
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4. Generalized Niederreiter sequences
Themost general formofNiederreiter sequenceswas introduced by Tezuka [13,14],which includes
Sobol’ [12], Faure [1], and Niederreiter [4] sequences as special cases (note that the sequences defined
in [4] are more general than the ones considered in Section 3).
We recall the definition in [14, Chapter 6]. Let the polynomials p1, . . . , ps ∈ Fq[x] be pairwise
relatively prime and let ei = deg(pi) ≥ 1 for 1 ≤ i ≤ s. For integers j ≥ 1, 1 ≤ i ≤ s, and
Q (i, j) = b(j− 1)/eic, consider the Laurent series expansion
yi,j(x)
pi(x)Q (i,j)+1
=
∞∑
r=0
a(i)(Q (i, j)+ 1, j, r)x−r−1.
Here a(i)(Q (i, j) + 1, j, r) ∈ Fq and the polynomials yi,j ∈ Fq[x] have the following properties: we
can write yi,j(x) = y(1)i,j (x)pi(x)Q (i,j) + · · · + y(Q (i,j))i,j (x)pi(x)+ y(Q (i,j)+1)i,j (x), where y(k)i,j are polynomials
over Fq of degree at most ei − 1 and the polynomials y(Q (i,j)+1)i,j for eiu < j ≤ ei(u + 1) are linearly
independent over Fq for any u ≥ 0 and 1 ≤ i ≤ s.
Then for 1 ≤ i ≤ swe define the matrices Ci = (c(i)j,r )j≥1,r≥0 by
c(i)j,r = a(i)(Q (i, j)+ 1, j, r) ∈ Fq for j ≥ 1, r ≥ 0, 1 ≤ i ≤ s.
From [14, Lemma 6.1] we know that a generalized Niederreiter sequence is a (t, s)-sequence in base
q with t =∑si=1(ei − 1), where ei = deg(pi) for 1 ≤ i ≤ s. The following theorem gives a condition
under which we obtain the same result as Theorem 1 for generalized Niederreiter sequences.
Theorem 2. Let p1, . . . , ps ∈ Fq[x] be pairwise relatively prime nonconstant polynomials and let t =∑s
i=1(ei − 1). If and only if for every choice of polynomials y1, . . . , ys ∈ Fq[x] with pi - yi for 1 ≤ i ≤ s,
there are f (1), . . . , f (s) ∈ Fq and integers Q1, . . . ,Qs ≥ 0 such that
f (i)yi
s∏
l=1
l6=i
pQl+1l ≡ 1 (mod pi) for 1 ≤ i ≤ s, (10)
then for every eligible choice of yi,j the generalized Niederreiter sequence based on p1, . . . , ps is a strict
(t, s)-sequence in base q.
Proof. We prove the ‘‘if’’ part first. As in the proof of Theorem 1, we consider the case where di =
Qiei + 1 for 1 ≤ i ≤ s. Going through the same steps as in the proof of Theorem 1, but now for
generalizedNiederreiter sequences, one can see that the corresponding polynomials Yimodulo p
Qi
i run
again through all polynomials over Fq of degree at most Qiei − 1, on account of the given conditions
on the polynomials y(k)i,j .
The only remaining open question is whether, for the given polynomials y1,d1 , . . . , ys,ds ∈ Fq[x],
we can find f (1), . . . , f (s) ∈ Fq and Q1, . . . ,Qs ≥ 0 such that
f (i)yi,di
s∏
l=1
l6=i
pQl+1l ≡ 1 (mod pi) for 1 ≤ i ≤ s. (11)
But this is just the condition given in the theorem.
The ‘‘only if’’ part can be shown in the following way. We know that the generalized Niederreiter
sequence is a (t, s)-sequence in base q with t as in the statement of the theorem. So we need to
prove that if the condition in the theorem is not satisfied, then there are yi,j such that the generalized
Niederreiter sequence is a (t − 1, s)-sequence in base q, i.e., for all choices of d1, . . . , ds ≥ 0 with∑s
i=1 di = m− t + 1 the corresponding rows of the matrices C (m)1 , . . . , C (m)s are linearly independent
(where C (m)1 , . . . , C
(m)
s are, respectively, the left upperm×m submatrices of the generating matrices
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C1, . . . , Cs of the generalized Niederreiter sequence). As for the Niederreiter sequence [5, Theorem
4.49], we know that for the generalized Niederreiter sequence (compare with [14, Lemma 6.1]), the
union of the first di rows of the matrices C
(m)
i for 1 ≤ i ≤ s, with
∑s
i=1 di = m − t + 1, can only
be linearly dependent if all di are of the form di = Qiei + 1. Hence we only need to show that if the
condition in the theorem is not satisfied, then the corresponding rows of the matrices C (m)1 , . . . , C
(m)
s
are also linearly independentwhen di = Qiei+1 for 1 ≤ i ≤ s. Hencewe can again basically follow the
steps in the proof of Theorem 1, but keeping in mind that we now consider generalized Niederreiter
sequences, to check that this holds.
Let G′ ≡ G(mod g)with deg(G′) < deg(g). Note that if the condition in the theorem does not hold,
then we have deg(G′) > 0. This implies that w in Eq. (5) satisfies w = −1 + deg(g) − deg(G′) ≤
−2 + deg(g) = −2 +∑si=1(di + ei − 1). Hence the only way to obtain a linearly dependent set of
vectors is by choosingm ≤ −2+∑si=1(di+ ei−1), i.e.,∑si=1 di ≥ m−∑si=1(ei−1)+2 = m− t+2.
But this means that for
∑s
i=1 di = m − t + 1 the corresponding set of row vectors must be linearly
independent, which implies the result. 
Remark 2. There are some cases where it is easily seen that a solution of the system of congruences
(10) cannot exist. For instance, if there is at least one pi which is reducible, then one can choose yi,di
such that gcd(yi,di , pi) is a polynomial of positive degree. In this case, Theorem 2 implies that the
generalized Niederreiter sequence is a (t − 1, s)-sequence in base q. On the other hand, note that
if there is a pi which is reducible, then it could be replaced by an irreducible polynomial of lower
degree such that the pairwise relatively prime condition is still satisfied. But this only means that,
for a generalized Niederreiter sequence for which we know that its t-value is at least 1 larger than
the t-value of a generalized Niederreiter sequence based on irreducible polynomials, we can improve
the t-value by 1. Thus, we do not obtain a smaller t-value than for Niederreiter sequences based on
irreducible polynomials.
Remark 3. In the case of the Niederreiter sequences considered in Section 3, we have yi,di = 1
whenever di ≡ 1(mod ei). Thus, in this case the system of congruences (11) reduces to (7), and we
have seen in the proof of Theorem 1 that this system of congruences has a solution.
In order to prove a result analogous to Theorem 1 for generalized Niederreiter sequences, we need
to find solutions of the system of congruences (10).
Note that we consider Gmodulo g , so G has deg(g) = ∑si=1(di + ei − 1) degrees of freedom. On
the other hand, we can choose f (i)j , which gives us
∑s
i=1 di degrees of freedom, and the remaining∑s
i=1(ei − 1) degrees of freedommust come from Q1, . . . ,Qs ≥ 0.
A case where Qi gives the remaining degrees of freedom is presented in the following corollary.
Unfortunately, it covers only a very special case.
Corollary 2. Let p1, . . . , ps ∈ Fq[x] be such that p1(x) = x and p2, . . . , ps are distinct primitive
polynomials. Put ei = deg(pi) for 1 ≤ i ≤ s and assume that (qe2 − 1)/(q− 1), . . . , (qes − 1)/(q− 1)
are pairwise relatively prime. Then for every eligible choice of yi,j, the generalized Niederreiter sequence
based on p1, . . . , ps is a strict (t, s)-sequence in base q with t =∑si=1(ei − 1).
Proof. In view of Theorem 2, it suffices to show that the system of congruences (10) can be satisfied
for every choice of polynomials y1, . . . , ys ∈ Fq[x] with pi - yi for 1 ≤ i ≤ s. Note that (10) can
always be satisfied for i = 1 by a suitable choice of f (1) ∈ F∗q . Thus, it suffices to consider the system
of congruences for 2 ≤ i ≤ s. Put Q2 = · · · = Qs = 0, then an equivalent system of congruences is
f (i)pR1 ≡ zi (mod pi) for 2 ≤ i ≤ s, (12)
where zi ∈ Fq[x] and gcd(zi, pi) = 1 for 2 ≤ i ≤ s. We need to solve (12) for the positive integer
R and for f (2), . . . , f (s) ∈ Fq. For each i = 2, . . . , s, let Ui be the group of units of the residue class
ring Fq[x]/(pi). The residue classes a + (pi) with a ∈ F∗q form a subgroup of Ui, and if we factor out
this subgroup, then we get a multiplicative group Vi of order |Vi| = (qei − 1)/(q− 1). By [2, Theorem
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3.16], Vi is a cyclic group generated by gi, where gi is the image of p1 + (pi) under the canonical
homomorphism χi from Ui to Vi. For 2 ≤ i ≤ s, let zi denote the image of zi + (pi) under χi. Since
|V2|, . . . , |Vs| are pairwise relatively prime by assumption, there exists a positive integer R such that
giR = zi for 2 ≤ i ≤ s. By the definition of the groups Vi, it follows that for this choice of R there are
f (2), . . . , f (s) ∈ F∗q such that (12) is satisfied. 
Remark 4. Sobol’ sequences [12] are generalized Niederreiter sequences in base 2 with p1(x) = x ∈
F2[x] and p2, . . . , ps being the first s− 1 polynomials in a sequence of all primitive polynomials over
F2 arranged according to nondecreasing degrees. Corollary 2 implies therefore that a Sobol’ sequence
in dimension 4 is a strict (3,4)-sequence in base 2 for all eligible choices of direction numbers. It can
also be shown that a Sobol’ sequence in dimension 5 is a strict (5,5)-sequence in base 2. This follows
as the polynomial p5 has degree e5 = 3 and 2e5 − 1 = 23 − 1 = 7 is a prime number, which
implies that every nonconstant element modulo p5 is primitive and from which we can infer that the
system of congruences (10) has a solution. With slightly more effort, this argument can be extended
to the dimensions s = 6, 7, 8. For s = 6 we choose Q3 = Q4 = Q5 = Q6 = 0. By using discrete
logarithms to the base x, we turn (10) into a system of linear congruences for Q1 and Q2. There is one
congruence mod 3, two congruences mod 7, and one congruence mod 15. The latter congruence is
equivalent to a congruence mod 3 and a congruence mod 5. It is easily seen that the resulting system
of linear congruences with moduli 3, 5, and 7 can be solved for Q1 and Q2 by applying the Chinese
remainder theorem. For s = 7 we choose Q4 = Q5 = Q6 = Q7 = 0. Using the same method as
for s = 6, there is one more linear congruence mod 15, so finally we get three congruences mod 3,
two congruences mod 5, and two congruences mod 7 for Q1,Q2, and Q3. Again, it is easily seen (by
showing that appropriate determinants of systems belonging to the same modulus are not divisible
by this modulus and applying the Chinese remainder theorem) that this system of linear congruences
can be solved for Q1,Q2, and Q3. The step from s = 7 to s = 8 is trivial since the polynomial p8
has degree e8 = 5 and 2e8 − 1 = 25 − 1 = 31 is a prime number. For s = 9 and s = 10 we get
two, respectively three, linear congruences mod 31 (in addition to the congruences for s = 7) which
can be solved for Q1,Q2, and Q3, with the remaining Qi = 0. It follows from Theorem 2 that a Sobol’
sequence in dimension 6, 7, 8, 9, 10 is, respectively, a strict (8,6)-sequence, a strict (11,7)-sequence,
a strict (15,8)-sequence, a strict (19,9)-sequence, and a strict (23,10)-sequence in base 2. With more
diligence or with the help of a computer, this method can be pushed to even higher dimensions.
Remark 5. The results in Remark 4 imply, in particular, that a Sobol’ sequence cannot be the best
possible (in terms of the exact t-value) in dimensions 4–20 since in these dimensions there are
Niederreiter–Xing sequences in base 2 with a smaller t-value (see [6, Table 1] and [11]). For instance,
for the dimension s = 20 the Niederreiter–Xing construction yields a (21, 20)-sequence in base 2. On
the other hand, a Sobol’ sequence for s = 20 cannot achieve t = 21, for otherwise projection would
yield a Sobol’ sequence which is a (21,10)-sequence in base 2, a contradiction to a result in Remark 4.
Remark 6. We conjecture that for all dimensions s ≥ 3, a Sobol’ sequence is a strict (t, s)-sequence
in base 2 with t of the order of magnitude s log s. It was shown in [12] that a Sobol’ sequence is a
(t, s)-sequence in base 2 with t = O(s log s). This conjecture is plausible in view of Corollary 1 and
the fact that for every dimension s ≥ 8, the known t-value of the best Niederreiter sequence in base
2 is smaller than the known t-value of the Sobol’ sequence (see [4, p. 64]). We refer also to Remark 4
for some exact t-values of Sobol’ sequences.
Remark 7. In the proof of Theorem 1 we not only established the exact t-value of the Niederreiter
sequence, but also for which values of m the t-value is exact. Similarly this applies also to the proof
of Theorem 2. This could be used in a different direction: in practice only finitely many points of a
(t, s)-sequence are used, hence one could choose yi,j for a generalized Niederreiter sequence, such
that for the range of values of m used in practice, the congruence in Theorem 2 has no solution.
This then implies that the distribution properties of the points used are slightly better then those
of the whole sequence. Congruences similar to (10) could also be found for smaller values of t . Hence
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sophisticated computer algorithms based on this approach could yield practically useful polynomials
yi,j for generalized Niederreiter sequences.
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